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ABSTRACT 2.0 DESCRIPTION OF THE LEARNING ALGORITHM

A new algorithm is presented which combines the fast conjéiven anM-th order transversal adaptive filter with inpxtn),

gate gradient algorithm and the modified variable step-sig#itputy(n) and desired signai(n), the cost functior to be min-

algorithm with gradient reuse to provide a convergence/trackaized is a summation of squared errors from a windgyof

ing performance trade-off. A simplified version of the propastvalues using theurrentweight vectow(n);

posed algorithm is also presented that reuses weight updates to

avoid calculating gradients and conjugate directions at every M1

samplen. This simplified algorithm only invokes the conjugate E(n) = Z e(n- i)|W(n) (1)

gradient update everyth sample resulting in an overall com- .

plexity reduction by a factor oP as compared to the FCGA.

Simulation results are also presented. The weights are updated using stochastic gradient method which
minimizes the cost function;

i=0

1.0 INTRODUCTION oE
w(n+1) =w(n)—r]a— (2)
The fast conjugate gradient algorithfFCGA) uses an aver- W

aged inst_?gtanzoustgramen; c:xgmmdo(;/vof pdast samplt;,\] val- Ee gradient estimate is calculated using the conjugate gradient
ues [1]. The advantages of this windowed approach are chnique. The complete algorithm is summarized below and

better tracking and convergence is achieved in nonstationqlug/(_:‘s triply indexed parameters. The parameteefers to the
environments with correlated data compared to the RLS algWl'ain iteration number, where the data is shifted in on a sample

rithm, and (",) there aré no Stab'l'tY problems assqcmed W'Eﬂ/ sample basisk represents the conjugate direction iteration
an exponential forgetting factor as in the RLS algorithm. count and represents the line search iteration count.

In this paper, we propose a new algorithm which is based st Coniugate Gradient Reuse Algorithm
extending the FCGA to include conjugate directienseusing

dynamic step size control based on the Modified Variable Stggitialization: wp(0)=0

Size (MVSS) algorithm [2]. We call this new algorithm the

conjugate gradient reuse algorithm (CGRA) since it performsRor each iteratiom, do stepsl,2and3.
simple one dimensional line search for the minimum along the

estimated gradient direction. Step 1.
_ T
The MVSS estimates the autocorrelation of the error signal to e(n) = wo (MX(n)—d(n) (3)
determine when the minimum of the performance surface is 1+ B,(n)
reached. When the error correlation is large, dynamic step size HmadN) = —_ PRV (4)
control adjusts the step size to be large thus speeding up the xT(n)x(n)
convergence. A measure of the “minimum” of the line search
can be obtained by examining the error sigrefj$ and e(j-1) go(n) = [[]f(wo(n))]T

where j is the line search iteration count. If
e(j) <e(j—1) then the algorithm is still searching for the 2 " T (5)
minimum of the performance surface along this particular = (—Q Z {Iwg (N)x(n—i)—d(n—=N]x(n—i)}
direction. If e(j)=e(j—1) then the minimum has been

reached, at which point we exit the search and replace the ini-

tial weight vectomw,, with the one used to generag-1). do(n) = go(n) (6)

i=0



Step 2 Repeat fok=0,1,...n,-1 wheren, <m

2a)set py o(N) = Hyadn)  and wy o(n) = wy(n)

Repeat Stepgb-1)through2b-4)for j=1,.n,, wheren, <m

2b-1) Wy, j(n) = Wy j_l(n) +Hy j(n)dk(n) (7
2b-2) e (n) = wy ;' (MX(n)—d(n) (8)
2b-3) Adjust the step size
HkJ(n) =
B sHy (1) < () (9)

LMy - 1(m) +ypi(n)

where

;“min(n) < I’lk, ](n) < “ma)&n)

pi(n) = Tp;_y(n) +(1-T)e(n)e _4(n)

2b-4) it e (n)>¢ ;_4(n) then proceed tcStep 2c) else
goto Step 2b-1)

(10)

2c) Wy, 1(n) = wy ;(n) (11)
2d) Unlessk=m,-1, set
di s 1(n) = =gy, 1(n) + B (n)d,(n) where; (12)
T
Bk(n) — gk+£||__(n)gk+1(n) and (13)
g, (Ng,(n)

s 2(M) = [Of(wy, 1 (M)]"

" (14)

> (W11 (MX(0) = d(DIX()}

- (3
n
i=n-n,+1
If B(n)> 1, go directly to Step 3), otherwise go to Step 2)

Step 3 Replacewng(n+1) by wy(n) and go back t&tep 1

B gives a measure of the rate of change of successive gradients.

2(1+5)/Amax but G must be kept below 1. We use this maxi-
mum step size each iteration and then impose a limit on the
minimum step size.

2.1 Simplification of the Algorithm

If the performance surface does not change too rapidly, then by
reusing the conjugate gradiemeightupdates (as opposed to
direction updates), we can still step in the right direction and at
the same time avoid the calculation of the true gradient. Thus if
we only allow a gradient calculation eveRjinput samples, we
obtain a reduction in the complexity by a factor ®fover the
CGRA. This is the basis of the simplified CGRA. A variation of
this idea was proposed in [5] for reducing the computational
complexity of backpropagation weight updates in neural net-
works. The trade-off is that the convergence rate will become
poorer in correlated environments &increases. However, it
provides a basis for trading computationally complexity for per-
formance in the same way as the gradient window Bjz€The
simplified algorithm is the same as the CGRA except for the
following changes which are indicated with an asterisk in bold
type;

Simplified Conjugate Gradient Reuse Algorithm (CGRA?)
Initialization: w(0)=0, B(0)=0.
*** count=0,

For each iteration n, do steps 1,2 and 3.

Step 1.Shift in new data into vectax(n)

The calculation off is done according to the Fletcher-Reeves

method rather than the Polak-Ribiere method [3] since it tends
to give a smoother convergence. Checkingfr 1 is a neces-
sary step in the proposed algorithm. Whgns noisy it is possi-
ble thatg, , ; =g, and the ney§ will be close to or larger than

1b) e(n = WOT(n)x(n) —d(n) (16)
*** count=count+1
*** if count=P, continue, else goto Step 3)
Perform rest ofStep 1)andStep 2) here
Step 3** If count=1, Aw,(n) = w,(n) —w,(n) (17)
Wo(n+1) = w(n) (18)
relse  wy(n+1) = wy(n) +Aw,(n) (19)

Replacewg (n+1) bywy(n), and go back t&tep 1

1. Successive iterations of Step 2 will only serve to move the
weight vector away from the optimum value and make the alg§--O COMPLEXITY

rithm unstable. It necessary to limit the value 6§ < 1 for sta-
bility which can be expressed as follows [4];

2(1+By)
A

max

0<p < (15)

where0<B, <1 and\payis the maximum eigenvalue of the

1 CGA

In the reguIaE CGA, the number of multiplications required in
Step 1) is3m™~ per gradient calculation 6m in total, where
mis the order of the filter. In step 2), the number of multiplica-
tions per sample ism(6m2+ 6m) per sample for an overall
total of

input data. Specifically, the gradient averaging extends the

upper limit of the region of stability oft4 from 2\ tO



6m3 +12m2 (20) TABLE 1. Comparison of algorithm complexity.
Mult./sample

3.2 CGRA for m:50’nW:5’
In the CGRA, the number of multiplications per sampleStep Algorithm Mult./sample R=2 and P=3
1) is 2mn, + 1. Step 2b)is doneR times resulting in a com- CGA equation (20) 780,000
plexity of nWR(2m+6) multiplif:ations per sample ‘where FCGA equation (22) 3631
R<n,. Step 2d)is donen,-1 times for a complexity of -
(n,,—1)(2mn, + 3m) multiplications per sample. Summing | CGRA equation (21) 4161
all of these contributions, the overall complexity of the CGRA | CGRA2 equation (25) 1438
is equal to; RLS equation (24) 5200

(2mn, + 1) + n, R(2m+ 6) + (n,—1)(2mn, +3m) (21)
sentative of a typical acoustic impulse response obtained in con-
multiplications per sample. Fd® =1 the CGRA will default to ferencg rooms with sm”all reverr]beratlonhtmfwes for applications md
the FCGA algorithm with a complexity of acou;tlc echo cancellers, where both fast convergence an
tracking are required. The input to the system is a coloured
(2mn, + 1) +n,(2m+6) + (n,,—1)(2mn, +3m) (22) noise sequence obtained from a single pole autoregressive pro-
cess described by;
aqd forn,~1, |t.reverts approximately to the NLMS algorithm y(n) = 0.9y(n—1) + v(n) (26)
with a complexity of

om+6 (23) wherev(n) is a unit variance white noise sequence. This signal
is then filtered by the unknown system and finally, a small
The standard RLS algorithm has complexity of amplitude uncorrelated white gaussian noise signal is then
added to the system output to produce a desired signal to noise
2m? + 4m (24) ratioof 50 dB. In order to demonstrate the tracking capabilities
of the algorithms, the unknown system impulse response is
3.3 Simplified CGRA changed halfway through the data sequence by multiplying all
coefficients by -1.0. This change in the transfer function will
The CGRA has a slight increase in computational complexigause a temporary increase in the Mean Squared Error (MSE) as
over the FCGA due to the gradient reuse rRteHowever, if the algorithms try to readjust the weights to the new optimum
fewer thanR successive steps @b) are needed before the min-weight vector. The ability of a particular algorithm to quickly
imum is reached, this estimate of complexity would represefé-adapt its weights is a measure of its tracking performance.
an upper bound. It is possible to limit the valueRto some The Normalized Mean Squared Error (NMSE) convergence
value smaller tham,, to provide a limited complexity increase.curves for the algorithms are plotted for comparison. The
Simulation results will show that by using a restrictedit is NMSE curves are obtained by averaging the error and desired
possible to obtain the same performance with the CGRA as wiglynals over 100 independent runs and then smoothing accord-
the FCGA, even though the latter requires a larger window sizgy to the following formula,
to obtain this performance and is therefore more complex. The

simplified CGRA only performs gradient calculations every P 50
samples, and this reduces the complexity to; Z [Er(k)]2
(m+1)+ NMSH 1) = 10log| =2——|dB (27)
2mn, +n R(2m+ 6) +(n, —1)(2mn, + 3m) (25) Z [E,(k)]z
P
r=0

multiplications per sample foRzZ . Fd%=1,. the algorithm where Er(k) and d_r(k) represent the averaged error and
reverts to the CGRA. Table 1 gives comparative complexities ghqired signals averaged over 100 independent trials aep-

the CGAL FCEEA' CGF_QA' CGRAZ2 and RLS algorithms foregents the window values over which these averages are then
m=50, n,,=5,R=2 and P=3. smoothed, in this case equal to 50.

4.0 SIMULATION RESULTS 5.0 DISCUSSION OF SIMULATION RESULTS

In this section we apply the exponential RLS, NLMS, MVSSy, £iq e 1 the RLS converges quickly owing to its insensitivity
FCGA, CGRA and CGRAZ algorithms to the problem of sysg, eigenvalue spread. The FCGA and CGRA also converge

tem identification. The unknown system is modelled by agickly but the CGRA is faster than the FCGA. Both the MVSS

impulse 50 taps long which is obtained from an exponentially,y N Ms have poor convergence characteristics due to the

decaying set of random values between +1. This choice is repre-
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FIGURE 1. Comparison of NMSE using correlated noise
input. There is a sudden change in the system transfer

function at iteration 1000.
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increased convergence without affecting tracking ability when
the window sizes are chosen appropriately.

Although not discussed in this paper, the CGRA technique can
also be applied in the nonlinear domain as a method of minimiz-
ing a nonlinear cost function, similar to the method discussed in
[6].
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FIGURE 2. Comparison of NMSE using correlated noise
showing effect of changing on CGRA2.

correlated input data. At iteration 1000, the RLS algorithm has
problems tracking due to the forgetting faclobeing close to 1.
The CGRA and FCGA convergence rates after iteration 1000
are almost identical to the initial convergence rate. The CGRA
obtains the best convergence rate of all the above algorithms.

In Figure 2, the convergence of the CGRA2 algorithmA5,
R=P=5) outperform the NLMS algorithm 300 samples after the
transfer function change even with a reduced gradient update
rate. The complexity of the CGRAR\(~=5, P=5) for this case is
approximately a factor of 5 less than the FCGA. The results
indicate that depending on the valueRthe performance (and
complexity) can be tailored to fall between the FCGA and
NLMS algorithms.

The simplified CGRA can be used effectively in applications
where good convergence and good tracking speed are required.
Unlike the RLS that suffers from poor tracking due to the expo-
nential least squares formulation, the CGRA can provide



